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Point Estimation

* What is point estimation?

Example 6.1 (current across muscle cell membrane, TBp. 257-258)

e Bevan, Kullberg, and Rice (1979) studied random fluctuations of cur-
rent across a muscle cell membrane. The cell membrane contained a
large number of channels, which opened and closed at random and were
assumed to operate independently. The net current resulted from ions
flowing through open channels.

e They obtained 49,152 observations of the net current, 1, ..., T49152.

e The net current was the sum of a large number of roughly independent
small currents.

e It seems appropriate to model the net current data, X;,..., X49150 as
iid. N(u,o?), where 4 and o represent the mean and variance of net
current. Note that the values of 1 and o? are unknown.

& - how to use the observ‘ed data, x1,...,Z49152 to gain knowl-
edge about the values of y and o*?

Chs, p.2

Example 6.2 (emission of alpha particles, TBp. 255-256)

e Berkson (1966) conducted an experiment about emission of alpha par-
ticles from radioactive sources. The number of emissions per unit of
time is not constant but fluctuates in a random fashion.

e The experimenter recorded 10,220 times between successive emissions.
The numbers of emissions, x;, © = 1,...,1027, observed in 1207 time
intervals, each of length 10 sec, are summarized in the following table:

e {0,1,2} Z; :i i = 4
18 28 56
e.g., in 28 of the 1207 intervals, there were 3 counts, etc.

O DOOOHHH—>

e Assume (1) the underlying rate of emission is constant over the pe-
riod of observation (2) the particles come from a very large number of
independent sources

e [t seems appropriate to model the numbers of emissions X, ..., Xipo7
as 1.i.d. P()), where A represents the underlying rate of emission. Note
that the value of A\ is unknown.

how to use the observed data, x4, ..., 127, to gain knowl-
edge about the value of A?

1/35


af://h1-0

it
o1 /2R E X At HRAYE BRI Ejoint distribution AFIEB L MBI A4 AT LABIE T
Emarginal distributionjoint distribution
B BB MRS E BRI R, 2 SR S HE T E X 1Kjoint distribution
distribution&B2HER I ES D AN Fuflo B 2 EER, i 2 bE VSR a1
TERVEEE
AMElR FB—HEEURE Mitransformation KK EIX FSEHBIER
poissonNREZE E IS LRESN FRERAEE S EMERECSE—
bernoulli, RZ{AZZFIFIEL IR, IEIFE il K, p{R/)\.poissonlIEF E R BHLEXIn->1EFSS pitdir
0,np->lambdafdfER (RLEor A LR
A\FLR RN BN AR EIREL

EENe@m 21813+ AtransformationgETS

B E->HUEZTHIERTS interval 5 BSR4, =25 SpmfFipdf

BELETEMNABR?

=MEITREEBEHAARRE, B Econceptual Exfg— 1 empirical
ERMRIESS,EFMNIZZpoissons o (RIEEWANR), AAIERENZ EARIR AXEE]
B B AE RARE BRI IR itHImodel

RS S AR 7 — NEN R E (T X LEE) B ST IR S EUEAIRE LT
BEHAIE—Njoint distribution

X£Edistribution@—Mdistributionik, H A SEBBRE oI seiS B LI BT — 1 S8 =H
fiZRhtransformation R EIEFEREAVS B M— METHES,(HE— MR FANES
XE—HERE T EX1EIXnfYRE BRI R ZE) SRS H8hiTHE

FEHERR ST,

2/35



bt

oI B EABER" IR RS

TEMEERS \ﬁfﬂﬁﬁmﬁBﬁj\ﬁ:\ﬁ

B Mmodel FIRMEMEE Z, FMRERD K EsigmalI5E
BRSRIRAED (EERTEH) E—ERE
ARX—EEE MEN T — RN EE

it oEdEKpdf pmf

B EHE R SR FHTIHA

* Method of finding est
Recall. T

estimatorfi2E— N Fi+E 2N E. EX1 2 XnfY—Mtransformation

estimate 2— MNEUIRIEtransform H3E festimator: 5] LT N\ B A HUETE

sampling distribution depends on 6

standard error3Cfr_E 2R BMEHLIER

estimatorf8XAYvarfNEHE H LB R parameterfIREL (B AR R LGN
fir—"Nestimator KT AR T WNBIE B EETFEE aiE T8 5E 28E

mu_kAJLAS B NSRRI AR A R BRELRURT LABER M mu_k s

3/35

\

THRESH



st
poisson:AJ[E}(—4#E) KD/ NRERIBERE T JUKNER(CED) M D EE—RIEHFR R

* Exact sampling dist
Because X, X,
5

() = 15(5) =

Var(8) = Mn.-

Thus, (1) the sampling distribution of A is LP(n)), (2) A is unbia

of Ais o5 = /A/n.

E e ard error of A is
s5= y/Afn = VETOTB = 104 AL

deviation away from its mean, errors in A is very un
than 3

0 (parameter)
histogram i

joint cdf
Fx,...x,(10)

- i Stimated
Normal cdf|~ standard error ; standard error
E0] (8

nown

act distribution = the form of F(-[6) is

o asymptotical method => the form of Fy(:|f) is close to Normal
e s lorge) ——s

o simulation method = useful when the form of F;(-|6) is
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Chg, p.13

Example 6.6 (Normal distribution, TBp. 263)

e The first and second moments for N(u,o?) are

m = EX)=p
&: E(XQ)Z;LQ—FO'Q

po=

:> PR L
{G_Q-Mz—u?

Let X1, Xo,..., X, beiid. ~ N(u,oc?), then the method
of moment estimators of y and o’ are

K
|

=X
A mn _2 mn ~ =
= 15 X2-X =17 (X —-X)?

e Sampling distribution of X is Normal(p, %2) and sampling

. - . ~ . 2 - -~
distribution of &2 is %X?@—l' Furthermore, X and 62 are
independent.

Chs, p.14

Example 6.7 (Gamma distribution, TBp. 263-264)

e The first two moments of the I'(a, \) are

{&_&/)‘ i{%_ﬂl/w
).

pe = ala+1)/X = A= pi/(p2 — 1)
Let Xy, Xs,..., X, be iid. ~ I'(a, \), then the method of moment
estimators of A and « are

A=X/e%, a=X/8

where 62 = fi, — [i3.

e As a concrete example, let us consider the fit of the rainfall amounts
during 227 storms in Illinois from 1960 to 1964 (the data, listed in
Problem 42, Textbook p.414). For the data, X = .224,62 = .1338,

therefore & = .375 and i = 1.674.

e What are the sampling distributions of & and A7

— Exact distributions are complicated.

— Asymptotic method: Use central limit theorem and other asymp-
totic theorems to obtain the limiting distributions.

— simulation method: bootstrap.
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Chg, p.15

Definition 6.7 (parametric bootstrap, TBp. 264-265)
Generate many, many samples of size n from a distribution.

(True values of parameters in the distribution are unknown, so
use their estimates). From each of the samples, compute the es-
timates of parameters. The histogram of these estimates should
give a good idea of the sampling distribution of estimator.

Example 6.8 (cont. Ex.6.7, bootstrap, TBp. 265-266)

Generate 1000 samples of size 227 from I'(&, 3), where &, ) are
set to be .375 and 1.674, respectively. From each of 1000 sam-

ples compute the estunates of a and A using the estimators
A=X/6% a=X /0 Denote the 1000 estimates by o, A},
1 — 1,...,1000. Histograms of them indicate the variability that
is inherent in estimating the parameters from a sample of this
size.

Chsg, p.16

- -
o= o o o= o "o = z o ==

Histogram of 1000 mmulaled method of moment estimates of (a) a and (b) A.

We can find from the 1000 o’s and A;’s that:

e The histograms looks like normal.

e The histogram suggests that if & = 0.375, then it is not very
unusual that & is in error by 0.1 or more.

e The histograms are centered at 0.375 and 1.674, the (regarded-

as-true) parameter values used in the simulation.
e Estimated standard error of & is

| looo
S4 = x| —— E (af —@)2 = 0.06,
267 4\ 1000 £~

where @ is the mean of the 1000 values. Also, in the same way,
Si = 034

% Reading: textbook, 8.4
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Chg, pA7

* method of finding estimators II --- Maximum Likelihood Estimator (MLE)

e Toss a coin 10 times. Let @ be the probability of getting a head. Sup-
pose that we know

6 € {0.1,0.5,0.9}.
e When we get 7 heads out of the 10 tosses, which # is more plausible to
generate the output?
e Hint. P(7 heads|@ = 0.1) ~ 0.000,
P(7 heads|f = 0.5) = 0.117,
P(7 heads|f = 0.9) ~ 0.057.

Definition 6.8 (likelihood, log likelihood, TBp. 267, 268)

Suppose random variables X4, ..., X,, have a joint pdf or pmf

il 2, B
Given the observed values X; = z7,..., X, = 2}, the likelihood function

of © is defined as e -
T £(©) = f(.fn‘?l,il,'%...,l'n‘(:)),
which is a function of ©. The log likelihood function is defined as log £(©).

cne, p.18

Notes.
1. We consider likelihood function as a function of 8 while joint pdf/pmf
as a function of z;’s.

2. For discrete case, likelihood function gives the probability of observing
the data as a function of 6.

Definition 6.9 (maximum likelihood estimator, TBp. 267)

The maximum likelihood estimator (MLE) of # is the value of # that

maximizes the likelihood.

Interpretation. MLE makes the observed data “most probable” or “most
likely,” i.e., MLE gives the most “plausible” model given the observed data.

1. For ii.d. case, the likelihood function and the log likelihood function
are, respectively,

£(0) =] £i10), and U6) = > log f(710).

2. Maximizing the likelihood function, £(#), is equivalent to maximizing

its natural logarithm, [(6), since the logarithm is a monotonic function.
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Theorem 6.1 (invariance property of MLE)

If § is the MLE of 6, then for any function of 8, denoted by 7(6),

the MLE of 7(8) is 7(f).

Proof. MLE of 7() is a solution of the

maximization problem

max [(6).
TEHe

Since 0 is the MLE of 6§, the maximum is attained
when @ = 6, which implies the MLE of 7(6) is 7(6).

Example 6.10 (i.1.d Poisson distribution, TBp. 268)
Suppose X1, Xo,..., X, are ii.d. P(\). The log likelihood is

n -\ X; n n
i) = log - X)_‘l =—nA+logA ) X;— > logX;!.
' = i=1

=il

Setting I'(A) = 0 gives

The MLE is then

Chsg, p.20

Check that this is a maximum:
X
L) = h% <0 = [(}) is concave.

e Example for Thm 6.1, LNp.19 = the MLE of % is %

Example 6.11 (i.i.d normal distribution, TBp. 269)
Suppose that X, X, ..., X, are i.i.d. N(u,0?) random variables. The joint

density is

& 1 1,2; —
f($1,332,...,.’£n|,u,0):]] exp[_§(£ M)Q].

The log likelihood is

l(p, o) = Z [— logo — %10g (271) — %(X@ — #)2] :

- a
=1

Setting

{Q — & = o723 " (Xi—p
0 =2 = gl 40357, (X — p)?
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Chs, p.21

The MLE is then o

X
= iXL (X —Xp

which is the same as the method of moments estimators.

@ =

Check maximum =

s

921 921
o Bodn | _ Z D (Xi—p)
o o Bl e

dudo W

which is negative definite when = i and o0 = ¢ and | — 0 as (u,0) tends
to boundary.

e Example for Thm 6.1, LNp.19,
— MLE of_,u_Q, the square of a normal mean, isz2

— MLE of g2, the variance, is 1 > | (X; — X)?

Example 6.12 (i.i.d restricted normal distribution)
Suppose Xi, Xs,..., X, are i.id. from N(u,1) with 0 < p < co. The log.

likelihood is ,
() = —log(2r)— 37, (X:—p)
)i
2

Suppose Xy, Xo,..., X, are i.i.d. U(0,0), where §# > (0. Then the likelihood

of 6 is

g i 0= X <80 i=1....0
£0) = { 0, otherwise

9_”, if 6 = maxi<i<n Xz = X(n) > 0
0 otherwise

3

Because £(f) decreases when 6 increases, the MLE of 8 is X(,.
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Example 6.14 (multinomial distribution, TBp. 272)
Suppose X1, Xs,...,X,, are counts in cells 1,2,...,m and follow a multi-

nomial distribution with total count n and cell probabilities py, pa, ..., pm

(p; > 0fori=1,2,....m, and p; + p2 + -+ + pm = 1). The joint pmf of
)(1,;Ké; ---:;X;n is | m

n! ‘

f(Z, %9 Twm|P1, P2, D) = W H}Uf*s

i=1"ir i=1

where x; + x93 + - - - + x,, = n. For n given, the log likelihood is

Hpi, 05,00 - D) = lognl— ZIOgX?;! = ZX,; log p;.
i=1 i=1

== maximize Z(p13p2:- LR }p'm) subject to Z:ll Pi = 1

Introduce a Lagrange multiplier A\, and maximize

L(P1, P25+ -+ s Py A) = logn! — ZlogXi! + ZX?: log p; +A(sz- —1).

i=1 =1 =il

Setting m- = 2¢ + A =0,i=1,2,...,m gives

. X;
pj' _Tja = 1:23 . m
Chs, p.24
Since th m v -
I S
=1 A=1 A -
we have A = —n. Hence, p; = X;/n,i=1,2,...,m.

Example 6.15 (Hardy-Weinberg Equilibrium, TBp. 273)

Hardy-Weinberg law: if gene frequencies are in equilibrium,

the genotypes AA, Aa, and aa occur in a population with fre-
quencies (1 —0)%,20(1 — ), and 6.

Mother
A[1-6] ald]
Father | A[1-0] | AA[(1-6)] | Aa[&1-0)]
alf] | Aa[d1-0)] aa [67]

If we sample n (a fixed number) persons from the popu-

lation, and let X, X5, and X3 (random variables) denote the counts
in the three cells (AA, Aa, aa), what is a suitable statistical model
(i.e., joint distribution) for (X, X5, X3)?

Notice that n = X; + X5 + X5.
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Cha, p.25

(X1, X5, X3) ~ multinomial(n, pi, pa, ps)

g

057200,

Log likelihood of 6 is
3
[(f) = logn!— ZlogXi!

=1

+X; log (1 — 6)> + X, log [20(1 — 0)] + X;3log 6”

= logn! — ZlogX'

g=1.

+(2X1 =t Xz) log (1 — 9) + (2X3 e Xz) logﬁ—f— X9 log 2.

Settlng %5(9) = O, 2X1 = Xg 2.X3 -+ X2
o <L — 0
1—4 %
yields the MLE of 6
; 2X3 + Xo 2X3 + X9

2X1+2X2+2X3 22
- What is the difference between Ex. 6.14 and Ex. 6.157

Chsg, p.26

Chinese population data of Hong Kong in 1937: (M, N are erythro-|
cyte antigens)

Blood Type M MN N  Total
Frequency 342 500 187 1029
(by Ex.6.14) 0.333 0.486 0.182

1. MLE is 8 = 0.4247 = (p1, P2, P3) = (0.331,0.489, 0.180).
2. Approximate the sampling distribution of é by bootstrap:

e Generate 1000 random counts from multinomial with n = 1029

and cell probabilities 0.331. 0.489. and 0.180.
e From each of the 1000 experiments, a MLE value 0* was deter-

mined. M

From the histogram of the 1000 estimates
(Figure 8.7 in Textbook), which should
approximate the sampling distribution of 6.

e Looks like Normal.
e Standard deviation of the 1000 values ’
gives estimated standard error of #:

s; = 0.011, A nSTRUTRTEEE Y
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Example 6.16 (Muon Decay, TBp. 266 & 271)

e Let © be the angle at which electrons are emitted in muon decay.
Let X = cos(0). It has a distribution with pdf

1
flzo)= 5(1 +ar), —1<z<l,-1<a<l.
e The mean of X is
i=a/3=>0=31
The moments estimator of o based on a sample X,---, X, is
The log likelihood of « is

(o) = Zlog(l + aX;) —nlog2.

=1

=3X.

L
O

Setting the derivative equal to zero, the MLE of « satisfies the nonlinear|

equation - - o
0=—1I(a)=) ——_.
do (a) Z 1+ O{X@

=1 ———%

The MLE of a has no easy close-form solution.
= can use an iterative method to numerically solve for MLE.
= method of moments estimate could be used as a starting value.

Chs, p.28

Example 6.17 (i.i.d. Gamma distribution, TBp. 270)
e Suppose Xy, Xo,..., X, are i.i.d. I'(a, A). The joint pdf is

e, rRla ) =11 ﬁ)\“:ﬁ?*le”““
e 'T'he log likelihood is
l(a,A) = 27 [alogA+ (a—1)log X; — AX; —log'(a)]

= nalogh+ (a—1)>7 log X; =AY " X; —nlog'(a).

e Setting { 0 = 3:(1 = nlogA+>""  log X; “”I;((c?))
. al _ no n
0 = o™ = X Zi:l X

e The MLE then satisfies
{ A=a/X

nlogd —nlog X + Y log X; — n};((g)) =

e 2nd part is a nonlinear equation = no easy closed-form solution.
= can use iterative method to find (approximate) the solution
= method of moments estimates can be used as initial value.

12/35
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Cha, p.29

e Rainfall amount data (Ex 6.7-6.8, LNp.14-16):

1

. Exact sampling distribution of the MLE is intractable = can use

. From the histograms of the simulated MLEs:

Take the initial value as the method of moments estimates

& =037, X=1674.

By an iterative procedure, the MLE’s are computed:

a=0441, A=196
= of little practical difference from the moment estimates.

simulation to approximate:

— Generate many, say 1000, samples of size 227 from Gamma
with e =041 A =11 95,

— Form MLE of a, A for each sample.

— Construct histogram of the 1000 MLE’s.

— The histograms look like normal.

Chs, p.30

— The histograms are centered at i
& = 0.471 and A = 1.97. i
— Estimated standard error of the MLE’s are

Sa = 0.04, s; =0.28.

— Sampling distribution of MLE’s are less

dispersed than those of the method of
moments estimates. 11;

Summary (advantages of MLE)

1. easy to interpret

2. widely applicable

3. the range of the MLE coincides with the range of the pa-
rameter

4. invariance under reparameterizations

5. nice theoretical properties

++ Reading: textbook, 8.5, 8.5.1
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Chs, p.31

* Large sample (asymptotic) theory for method of moment estimator and MLE

Recall: 1. Law of Large Number for sum /average
2. Central Limit Theorem ]

Definition 6.10 (consistent, TBp. 266)

Let 9 be an estimator of a parameter f based on a sample of size n. Then
6, is called consistent in probability if 9 converges in probability to 6 as
n tends to infinity, i.e. for any € > 0,

E(lén—9|>e) — 0 asn— 0.

» method of moment estimator

Theorem 6.2 (consistency of method of moment estimator, TBp. 266)

The Weak law of large numbers implies that

— E Xk =i k — g in probability as n — oo.
n
—i=1

If the function relating i, and 6; are continuous,

method of moments estimators are consistent.

Theorem 6.3 (justification for estimating standard errors, TBp. 266-267)

e Recall: In LNp.12, o;(f) 20218, o)

Cousider the standard error of the form: o4(0) = %O‘* 6)
— Ex. 6.5 (LNp.11): a5(A) = 2=v/A -

— Ex. 6.6 (LNp.13): ou(p,0) = f_, and o2 (p, 0) ~ ﬁ\/iag
e Let §p = true parameter, and o; = 0;(6p) = —=0"(th).
e Estimate o; by 54 = %a* (@

e If (1) 0*(0) is continuous in , and (2) 0 is consistent (é - E?g), then

a*(0) = o*(6y), ie.,

as n — oo, % — 1 in probability (=> Sj = gy —* 0)
—= &,

» MLE
Note. the following discussion is mainly for (1) the case of i.i.d.
sample, and (2) one-dimensional parameter.
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Definition 6.11 (score equation, score function)
e The log likelihood of an i.i.d. sample of size n from a pdf/pmf f(x|0)

18

= log f(Xi[0).
1=1

e The MLE maximizes [(f) and is usually obtained by solving the
score equation P

5
0= —2I(6) = Z 55 108 f(Xil0).

o ZU0) =37, Zlog f(X;|0) is called score function.

Definition 6.12 (Fisher information for one-dimensional parameter, TBp.263)

Let Xy,...,X, be a sample of size n with a joint pdf/pmf f. Define

0

2
Ile--an (9) Eg !% log f(XI:' Ut :'ang):| L]

which is called the (Fisher) information of § contained in X;,..., X,,.

- What information does Ix, ... x, (0) offer?

Chs, p.34

Ix,,. x,(8) =
o 2

Theorem 6.4 (TBp. 276)
Let Xi,...,X, be an i.i.d. sample of size n from a pdf/pmf f(x|6).

2
L
= log .f(Xz'e)]
2

- 2
a T
Ix), % (0) = Eg (d(—) log Hf(X?:W)]) =Ey

= Zn:Eo [gélog f(Xz-yG) + 2> Ey [~— log f Xilﬁ’)] Ey [gglog f(lef?)]

i<j

_ uF, [% e f(XI\m} s 0

e [x (6) is the Fisher information contained in a sample of size one.

e nly (#): interpreted as the information of # contained in a sample of
size n from f(-|0).

e The Fisher informations of independent samples are additive.
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Theorem 6.4 (TBp. 276)
Under appropriate smoothness conditions on f ,

Ix,(0) = Ey l@aé‘ log f(X1|9)] = Varg la logf(Xﬂ(?)] =

%)
0 logf(X1|9]

b |
Proof (for pdf case): Since [ f(z]6)dz =1 for all 6,
0 = %[ f@l9)de = [ £f(xl6)de = [ [EL5D] f(a19) do
= [ [Flog f(xl9)] f(zl) dx = Eq [Flog f(X[0)]. -~ (D)
= Varg [&log f(X10)]
= Ey [ 1ogf(X1|9} — {Ey [Z log f( Xl\a)}}
— By [2 log f(X1/0)]°
= & [ f(zl0)dz = & [ [ 1og f(xl6)] f(x|6) da
[ |4z log £(xl0)]| £(l6) dx + [ [ 108 £(2l0)]” f(z]6) da

— [ o5 £(110)] + Ea [ log £CX110))

(need smoothness of f for interchanging integration and differentiation.)

Note (TBp. 278, 279).

For i.i.d. case,

2

BV (0] = Tt @ = - T3, (0) = —na | 25 108 /(X,10)

= - ; Eg l% log f(&lﬁ)] = —Ey l% ;log f(Xi|9)] = —Ey[I"(6)]

e interpretation: when |Ey[l”(0)]] is large at 6 = 8,
[(0) is, on average, changing rapidly in a vicnity of g

Example 6.18 (Fisher information of i.i.d. Bernoulli B(#))

Let Xi,..., X, beiid. from Bernoulli distribution B(#) (i.e., the pmf of X;
18, 6*(1 —0)'*, forxz € {0,1}),
then E(X;) =0 and Var(X;) =0(1 —6).

e For a single observatoin X;, the first and second deratives of its log
likelihood are: o

log f(z]0) = xlogf+ (1 — x)log(l—0),
9/001og f(x|f) = x/0—(1—-1x)/(1—0)=(z—0)/(6(1—0)),
0%/00%log f(z|0) = —z/0% - (1 —2)/(1 - 6)>.
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Ch8, p.37
e The Fisher information of a single observation, say X, is
Xi—01" Bxa—0y
Ix,(0) = Ey|= =
w0 = Bgi=g] = “pray
_ Varg(Xy)  6(1-0) 1
21 -6)2  82(1-0)2 6(1—6)
X 1-X;
i) = ke
o) = ~ka|-G- =5
_ 0 1-6 1, 1 _ 1
82 1-02 6 1-6 01-6)
e The Fisher information of observations X;,..., X, is
n
I ey = ] (0) = e
Xi-; ,Xn( ) L X]( ) 0(1 o 6)
Notice that Iy, ... x, (6)
— increases when n increases,
— increases when 6 | 0 or 6 1 1,
— reaches a minimum 4n at § = 0.5.
Chsg, p.38
e Consider a single observation Y ~ Binomial(n, ¢). The pmf of Y is
fylo) = (0)ev(1 —0)*v, fory € {0,1,...,n}.
— The second derative of log likelihood is
0% log f(y|0)/5%0 = —y/6? — (n —y)/(1 — ).
— The Fisher information of Y, is
Y n—Y nd n—nf n
I 6 — E _ | = — — )
v () —9[ 02 (14)2] 2 1=02  01-0)
— Note that Iy (6) is the same as Ix, .. x, ().
Theorem 6.5 (consistency of MLE, TBp. 275)
Under appropriate smoothness conditions of f, the MLE from an 1.i.d. sample
is consistent.

Proof (sketch, for pdf case): Denote the true value of 8 by 6,. The MLE

maximizes "n = 111 > log f(X5]0). What is the difference between
Jllog f(x|0)] f(x]0)dzx and
The weak law of large numbers implies [Tlog £(x|9)] £ (x]8)dz ?

v, % 3 E_g_ﬂ[log f(X10)] = / [log f(z|0)] f(z|6o) dz as n — oc.
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For large n, the # value that maximizes [(f) should be close to the § value" **

that maximizes Eq, [log f(X|9)]. To maximize Egy,[log f(X|0)], consider

0 [ 5f(x|0) :
OGEQUUOg f(X10)] =2 / f(x|0)] f(x|6o) dax Wf(fd@o) dx
If 8 = 6, then

a 0
d@Egg[logf(XW /()6' (x]6) d;c 9_90 89/f ;9}_—%1 0.

Thus 6y is a stationary point and hopefully a maximizer.

Theorem 6.6 (asymptotic normality of MLE for one-dimensional parameter, TBp. 277)
Under some regularity conditions on f, the probability distribution of

nlx, (90) (éMLE i 90)
tends to a standard Normal distribution as n tends to infinity, where
Ouee is MLE and 6 is the true value of 6.

Proof (sketch): Denote émﬂ by é By Taylor expansion,
0 =1'(0) ~ U'(6o) + (8 — o)l" (60)

Jit=0)~ L0

Consider the numerator, el

B [1160)] = 3 P |0 70| = 0.

n - 2
Varg, {ﬂ@_g)] = ZE@ {% log f(X?|%)] = nlx, (6o) -

And, since I'(6y) = Zf;l g log f(X;]6p), Central Limit Theorem implies that

I'(6g)/+/nlIx,(0y) converges in distribution to a standard Normal random
variable. For the denominator,

5"(90) 82 p 82
. _ 093 log f(Xi|6o) — Eg, 0 log f(Xilbo)| = —Ix,(6b) -
Hence .
T Vrilx (80)(6 — 6) 25 N(0,1).
'ETSS'E """ ; "e:““o """""" v- “e;-; """ —
fo [ ’.'”I( o U)} T iy dr9:)( 0) nIXl (90)

Thus, MLE (6) is asymptotically unbiased and its asymptotic variance is

[Ix,....x,(60)] " = [ — Eg, (I"(60))]

1 -1

{TLIXI (90)} S

18735
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Notes (TBp. 277)
1. Theorem 6.6 (LNp.39) says the large sample distribution of an MLE is

approximately normal with

e mean #; and (= asymptotically unbiased)

e variance 1/(nlx,(60)). (= 1/(nlx,(6p)) referred to as asymp-
totic variance)
2. Regularity conditions for Theorem 6.6 (LNp.39):
(a) True value § is an interior point of the set of all parameter values

(e.g., the theorem would not be expected to apply in Ex 6.16,
LNpQ?JfauzlJ

(b) Support of f(z|6), i.e., the set of z’s for which f(z]0) > 0, does
not depend on # (e.g., the theorem would not be expected to apply

to estimating ¢ from a sample that are uniformly distributed on
the interval [0, 6] (Ex 6.13, LNp.22).)

Theorem 6.7 (Fisher information under reparameterization)

Under the reparameterization 7(6), the (Fisher) information of 7(9) is

r 2
I (1) = E | 5o o S0X119)] = 220,
P £ 5 , Chs, p42
O ) = E[afgg) logf(xlw)} =Elaf(€9)%logf()ﬁl9)

- (zta) = [averno] - 52

Theorem 6.8 (asymptotic normality of MLE under reparameterization)

~

Under the reparameterization 7(6), the MLE of 7(6), 7(6), is asymptotically
Normal with mean 7(#) and variance
1 1 7'(9)*

nly, (7(0)) n . Ix,(0)

Example 6.19 (information and asymptotic distribution of MLE for Poisson mean, TBp.282)
Let X1,..., X, beiid ~ P(\). The MLE of A is A = X. The information

of Poisson distribution is:

0 ’ x ?
o — —_— —_ o ’ — — o
E[a/\(Xlog)\ A lobX.)] E()\ 1)
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Ch8g, p.4

= () = & | 5 los (X1 = -E[ 3| = 3.

Hence, by theorem 6.6, the asymptotic distribution of X is Normal with

mean A and variance A/n.

_ Suppose that we are intvroeted in the parameter 7 = 1/,
what is the (Fisher) information of 77 (Ans: 772)

what is the MLE of 77 (Ans: 7ywe = 1/X)

what is the asymptotic distribution of the MLE?

what is its asymptotic variance?

Theorem 6.9 (multidimensional parameters, information and asymptotic normality of MLE, TBp.279)

Suppose © = (61,60,...,0;)", a k-dimensional vector. Then, the asymptotic

joint distribution of the MLE © = (61, 0,,...,0;)" is multivariate normal with

mean vector ©g and covariance matrix =7 -*(6g) where 1(0) is the k x k matrix

with ij-th component
2

0 0 0
Eo | 55 108 /(X1]6) 7 logf(Xnm]——Eo {89 g, 08 /(X110)

00;

Here, I(©) is called the (Fisher) information matrix for ©.

< Reading: textbook, 8.5.2; Further reading: Hogg et al., 6.1, 6.2

Chs, p.44

» Data reduction --- the concepts of sufficiency, minimal sufficiency, and completeness

Question 6.1 (information and data reduction)

(numerical or graphical) transformations of data appear all the time in statis-
tics for offering a summary of information contained in data. For example,

order statistics

A (1)@ - 2N ()

raw (original) data

X1, Xy, X

1st0gram

1l

To present or extract concrete information, the data reduction through use-
ful transformations is required. However, non-invertible transformations can
cause the loss of information. (_) The lost information can be
important or worthless to the objective of studying the data.

sample variance
% Z?:l(Xi‘ - Yn)2

sample mean

How to examine whether the important information lost in transforma-
tion? Furthermore, what is important information?
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Cha, p.4s

Summary (formulation of information and data reduction problem, TBp. 305)

o Let X, Xy, ..., X, be a sample with joint pdf/pmf f(x|©),

where © is unknown parameter.

— X1, Xo, ..., X, contains two types of information:

* information related to ©
* information irrelevant to ©

— For example, toss a coin n times, i.e., X;, Xs,..., X, are ii.d.
from Bernoulli B(6),

* X, orT =75 " X, contains information about

x When T is known, say T' = t, the information that at which
trials the ( head’s occur is irrelevant Lo @

x n=>9, consider the following possible results:

> (0,1,1,1,1), T=4;(1,0,1,1,1), T = 4; O

)
(L, 4 0. 1, 1), F =41, 1.1, 0 1), =4
(1, 1 1 1, Q), = 4
> (1,0,0,0,0), T=1; (0, 1,0,0,0), T =1
(1 31& 30)3T:1(0100;1_30)5T:1}
( b ? 0? 2 l)} T — 1
Ch8, p.46
e Information about 6 is revealed by the different values of T, i.e., larger

T, larger 6, and vice versa. o
T, larger 6, and vice versa pesY

(X1, .., Xn) - \

° _ Is there a statistic T'( Xy, Xs, ..., X, ) which contains all the
information in the sample about 67 If so, a reduction of the original
data to this statistic without loss of information is possible.

Definition 6.13 (sufficient, TBp. 305)

A statistic T'(Xy, Xs,...,X,) is said to be sufficient for # if the conditional

distribution of X, X5,..., X, given T" = t does not depend on @ for any
value of ¢.

Caution:

1. If T is a sufficient statistic, formally, we can keep only T" and throw
away all X;’s. Realistically, the X;’s are used to check whether the
model did not fit, or that something was fishy about the data.

2. The definition Of “all (important) information” depends on the statis-
tical modeling, i.e., the joint distribution assumption.
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Example 6.20 (sufficient statistics of 1.1.d. Bernoulli distribution, TBp. 306)

Let Xy...., X, be asequence of independent Bernoulli random variables with
P(X;=1)=0. Let T =3, X; then

P(Xl ZI],...,)(nZLI?n,T:t)

P(Xl =T1y..- ,Xn = 'T’RiT = t) =

)
oot 1
Dea-o— ()

if 24 + .-+ + 2, =t and 2; are nonnegative integers, and 0 otherwise. The
conditional distribution is independent of #. Hence T is sufficient for 6.

Theorem 6.10 (factorization theorem, TBp. 306)

A necessary and sufficient condition for 7'(X,,..., X,,) to be sufficient for a
parameter # is that the joint pdf or pmf of X;,..., X, factors in the form

f(:clax?a s :r'nlg) ZQ(T(:BIJQ:QV G axn)ag) E(IIJ-TQ}- . -axn)

fntuition: P(X,==zy,...,X,=1,)=P(T =t)P(X, =zy,..., X, = z,[T = 1)}
Proof: only for discrete case (continuous case requires some regularity con-
ditions, but the basic idea are the same.): (<) Suppose

f('rL‘lJ Ly 7:En|9) = g(T(:E17I21 Bin :-(En)-, 9) h’(:{:lj L2y 71"71)‘

Ch8, p.48

Then P(T =1) = Z PX=x)=y(t10) Z h(x)

T(x)=t T T
e PX=xT=t  g(t,0) h(x)
P(X = X‘T = t) == P(T =) - g(t,0) - ZT(x)=t h(x)

which does not depend on 6. Hence T is sufficient for §. (=) Conversely,
suppose that the conditional distribution of X given 7' is independent of 6.
Let g(t.0) =P(T =1|), h(x)=P(X=x|T =1).

Then P(X =x|0) = P(T =t|0)P(X =x|T =t) = g(t,8)h(x) as required.

Theorem 6.11 (MLE and sufficient statistics, TBp.309)
If T is sufficient for 6, then the maximum likelihood estimate for 6, if unique,

is a function of 7.

Proof. From factorization theorem, the likelihood is g(t,0)h(x).
To maximize this quantity we only need to maximize g(¢, #)

Example 6.21 (cont. Ex. 6.20, sufficient statistic of i.i.d. Bernoulli distribution, TBp.309)

Let Xy, X5, ..., X, be independent Bernoulli random variables

PIXi=x)=0(1-8) =, z=00r1.

Then
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Chg, p.49

FlEis - y2all) = Hﬁ”"(l — 0)!17% = Xz % (] — @)L &

=1}

— (—1 ___9) (1 *H)n:g(t,ff))h(xl,...,xn)
L t
where f — Z:{:i, _ (Ti’;a) (1-0)", M
i=1

Hence T' = 3" | X; is sufficient for 6.

o
-

Example 6.22 (sufficient statistics of 1.1.d. Normal distribution, TBp.308)

If X; ~N(p,0%), i=1,2,...,n, are ii.d, where u,o are unknown. Then

f(_mla s 7$n|,u: g‘)

|
—=
H
b
3
4!
>
o
e
|
3
Gili=
)
)
=
<)
L

- U"(;ﬂ')z xp{“—“ (ZCE “"#Zl‘e““”ﬂ)}

and (3.7, Xi, >, X?) is a 2-dimensional sufficient statistic for (g, o).

Question 6.2
There exist many sufficient statistics. A trivial example is the raw data. However,

a large collection of numbers is not as meaningful as a few good summary statistics.
How can we know whether the data has been reduced as much as possible and still
keep relelvant information?

Definition 6.14 (minimal sufficient statistic)

A sufficient statistic S for ¢ is called minimal if S is a function of 7" for any

sufficient statistic 7" of 4.

S=KD)

B \\\\

Example 6.23 (minimal sufficient statistics for i.i.d. Uniform distribution U(6, 6+1))
Let Xi,...,X, be iid. from uniform distribution U(#,60 + 1). Then, the

joint pdf is
Fx10) = [ | Zoos1) (@) = Loy -1000 @),
i=1

where Iz 5(u) =11if a < u < b and 0 otherwise. Therefore, T = (X(1y, X())

is sufficient for # by factorization theorem.

23/35




bt

Chg, p.51

Note that z) =sup{f : f(x|¢) >0}, and
Ty =1+ inf{0 : f(x/6) > 0}.

For a sufficient statistics T, by factorization theorem, f(x|0) = g(¢,0)h(x).
Therefore, for x such that h(x) > 0,

2y =sup{f : g(t,0) > 0} and z(,) =1+ inf{6: g(¢,0) > 0}.

We conclude that (X 1) Xgn)) is minimal sufficient.

Example 6.24 (cont. Ex. 6.23, ancillary statistics)

e In Example 6.23, the pdf of R = X(,,) — X(y) is
n(n — D)r" (1 —r), (= Beta(n — 1,2))
for 0 < r < 1, which is irrelevant to 6.
— For any 6, the appearance of the values of R follows the same

probabilistic pattern.
(cf. T =3"", X;, where Xi,..., X, are i.i.d. from Bernoulli(8))

— The observed values of R do not carry information about ¢
— That is, there exists transformation of the minimum sufficient
statistics X(;y and X(,) that contains no information about 6.

Chg, p.52

e Statistics like IR are called ancillary statistics, which have distri-
butions free of the parameters and seemingly contain no information
about the parameters.

e other example of ancillary statistics?

X1, X, iid. N(8,1), X1, Xo, 1.1.d. Gamma(1,80),

§* =L 5" (X; — X)? is ancillary Z= Xl}ilX'g is ancillary

Question 6.3

Note that minimal sufficient statistics may still contain ancillary information.
What other property can guarantee sufficient statistics containing no ancillary
information?

Definition 6.15 (completeness, TBp.310)
Let f(s]0), 0 € Q, be a family of pdfs or pmfs for a statistic S = S(Xy,...,X,).

The family of probability distributions is called complete if Ey[u(S)] =0 (or ¢:
a constant) for all 6 € 2, where u is a function of S, implies u(S) = 0 (or ¢) with
probability 1 for all § € ). Equivalently, S is called a complete statistics.

(Ko vy Xai) S(Xy,..., Xn) u,(S): non-constant function u,(S): constant function

) « wowl EoTe e e e
. o w al 0 IReTe e e T
3 T O | N | | &Yt e R |
. e y T WO T 1
) . S S S
. Y LV TR}
. . e i
) = & |l kW s W e
. . £ Y N .S W S S
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e u(S) =c¢, c: a constant, is a trivial ancillary statistic and Shes
Ep[u(S) —c (] 0, for any 6.
e S is complete < Ee[ (S)] is a constant for all § implies

that the trnasformation « is a constant transformation.
S is complete < any transformations of S (except the
constant functions) contains some information about 6.

e In Example 6.24, E()(R) == t. That is,
n
A T ==
m =X = 57 =B Eo(B)

has mean zero for all 0. = there is a nonzero function
of X(1) and X,y whose expectation is zero for all .

Example 6.25 (sufficient and complete statistics of 1.i.d. Uniform distribution U(0,#))
Let Xy,..., X, beiid. from Uniform distribution U(0,8), 6 > 0.

¢ By factorization theorem, X,), the largest order statistics, is sufficient.

e The pdf of X, is nx™ !
el 7 Loo) ().

Let u be a function such that Eu(X(,)] = 0 for all . Then
Joeu( )z" ldx =0, forall § >0,

which implies
u(z)z" 1 =0, as. for z € (0,00) => X(») is complete.

Example 6.26 (sufficient and complete statistic of i.i.d. Poisson distribution)

Suppose X1, ..., X, is an i.i.d. sample from Poisson distribution P(\). Then

s ey s e
S0 8 = Z X, is sufficient for Aand § ~ P(n)). If u(S) is a function of S
s.t., u (n)

0 =Bfu(S)] =™,

then, all coefficients of A are zero and u(s) = O. Hence S is also complete.

Theorem 6.12

e A complete and sufficient statistic is minimal sufficient. However, a minimal

A°, for all A,

sufficient statistic is not necessarily complete (e.g., Ex.6.24 in LNp.53).

e If a non-constant function of a sufficient statistic S = (Si,...,Sk) is
ancillary, then S is not complete.

Definition 6.16 (one-parameter exponential family of probability distributions, TBp.308)
A family of distributions {f(z]0) : 6 € Q} is a one-parameter exponential

family if the pdf or pmf is of the form:
(]6) = exp [ ¢(0) T(x) + d(0) + S(z)] = ecOT(@)ed(0)S(@) 7 e A
10 v¢ A

where the set A does not depend on 6.
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Cha, p.55

Theorem 6.13 (sufficient and complete statistics, one-parameter exponential family, TBp.309)

Suppose X1, Xo,---, X, is an i.i.d. sample from a member of the exponential
family, the joint probability function is
F@ry o 2al0) = Ty exple(@)T (@) + d(0) + S(2e)] La ()

= exp lc(a)z T(z:) + nd(8) + Z S(:ci)] HIA(g;i-),

where I4(z;) = 1if z; € A and 0 otherwise. Then, >, T'(X;) is a sufficient
and complete statistics for 6.

Example 6.27 (some one-parameter exponential families, TBp.309)
e The pmf of the Bernoulli distribution B(f) is

P(X=2)= 0F(1-0*=exp [ac log( ﬁg) + log(1 — 6')} =0T

This is a one-parameter exponential family with 7'(x) = ». For i.i.d.
Xi,...,X,, ~ B(#), 3", X; is sufficient and complete for 6.

e The pmf of the Binomial distribution B(m,#) is: for = € {0,...,m},
plX =) = (T)gm(l —0)™° = exp |i£ log 3 ﬁ 7 + mlog(l — 9)} (T)
This is a one-parameter exponential family with 7'(z) = z. For i.i.d.
Xi,...,Xn ~ B(m,p), >, X; is sufficient and complete for 6.

Chsg, p.56

e The pmf of the Poisson distribution P(\) is
P by AL
P(X:;::):}\B =exp(x logA—A—loga!), =0,1,2,...

x!

This is a one-parameter exponential family with 7'(z) = . For ii.d.
Koo, Xy = EBUA Z . X; is sufficient and complete for .

Definition 6.17 (regular k-parameter exponential family, TBp.309)

A family of distributions {f(z[®) : © € @ C R*} is called a regular k-
parameter exponential family if the pdf or pmf is of the form

o)~ | 22| 64O L) @), rea
0, otherwise
where © = (61,03, ...,0;) is k-parameter, and the following conditions hold:

1. A does not depend on ©, and {2 contains a nonempty, k-dimensional open
rectangle.

2. {(¢1(9),42(0),...,qx(©)) : © € Q} is non-degenerate and ¢;(0O)’s are non-
trivial, functionally independent, continuous function of ©.

3. (a) For continuous case, T;(x)’s are linearly independent, continuous func-
tions of @ over A; (b) For discrete case, T;j(z)’s are nontrivial functions of
x, and none is a linear function of the others.
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lete statistics for regular k-parameter exponential family)

Let X1, X5, -, X, be an i.i.d. sample from a regular k-parameter exponential
familg, then i . n
8= (X)), Sa=D B(Xa)--8 = Tul(Xi)
=1 =1 i=1
is a minimal set of complete and sufficient statistics for 6y, 6s,..., 0.

Example 6.28 (some regular k-parameter exponential families)

e The pdf of the Normal distribution N (g, o?) is

Flaluo) = 1/(Varo)exp [—(z = 1)%/(20%)]
_ H IR
= exp gm;—ﬁ:r_—?'?—log( 270)

This is a regular two-parameter exponential family with 71 (z) = = and
T»(z) = 2%. Consequently, for an i.i.d. sample X1, ..., X,, from N(u,o?),
(S1=>_, Xi, So =3 | X?) is a minimal set of sufficient and complete
statistics for (u,0?). Since the relations

_ S, — §2 n X,;*XHQ
Si %o ag SmSUn_ TLG-XP
— = n—1 n—1

|
b3

define a one-to-one transformation, (i, 62) are also sufficient and complete
for (u, o).

Chg, p.58

o _ Show that Multinomial distribution, Multinomial(n,p1,...,
pr), is a regular (r—1)-parameter exponential family and find its sufficient

and complete statistics. [Hint: subsitute X, by n— X; — Xo — -+ —
and pr by 1 —p1 —p2 — -+ — pr—1]

r—1

- Check whether other distributions given in LN, Chl-6, p.58-85,
belong to exponential family.

¢+ Reading: textbook, 8.8, 8.8.1; Further reading: Hogg et al., 7.2, 7.4, 7.5, 7.7, 7.8, 7.9
L eeee————————————————————————————————————————————————————————————————————————————————————

» criteria for evaluating estimators

Question 6.4 (choice among different estimators of the same parameter, TBp.298)

e In most statistical estimation problems, there are a variety of possible
parameter estimators.

e Among these estimators, how to choose a better ones?

e What properties, that we have defined and discussed for estimators,
can be used to evaluate estimators?

1. unbiased 2. consistency (large sample criterion)

Note that the two criteria not directly compare the dispersion of esti-
mator. Any other criteria?
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Chs, p.59
criteria related to dispersion of estimator: conceptually, perfer the estima-
tor whose sampling distribution is most concentrated around the true parameter
value. How to construct an operational definition, i.e., how to specify a quanti-

tative measure of the dispersion?

Definition 6.18 (mean square error, TBp.298)

The mean square error of an estimator @ at 0 is defined as

MSE(0) = Eg[(6 - 0)3.

A

)]

Note that _./_

1. MSEQ(Q\) = Varg(é) - [Bms(é)]z7 where B'éas(é) = Eg(é) =0 6
2. If 0 is unbiased, MSEy(0) = Vary(0)

Definition 6.19 (relative efficiency, TBp.298)

Suppose 6§ and 0 are two estimators of parameter 6. The efficiency of 0 rela-
tive to 0 at 0 is defined as: /
effy(0,0) = Vary(8) /Vary(9), —

which is most meaningful when 6 and @ are both unbiased. /
Note that eff(d, 6) = 1/eff(d, 8). —

V

Chs, p.60

Notes (interpretation of relative efficiency, TBp. 298)

1. Finite sample case. effy(d.,8): accuracy of  relative to accuracy of 6.
=> For 8 st. effﬁlé.é] > 1, Ehas smaller variance than 6 on the 0

2. Large sample case. When Var(,) = cin” (1 + o(1)) and Var(0,) =
con”P(1+ o(1)), where n is the sample size, then

e/t Ha=p,
0, ifa<p,
o0, if o> 0.

3. Relative sample size. When Var(,) = cin~'(1 4 o(1)) and Var(f,,) =

cam” (14 o(1)), where n and m are the sample sizes. For n fixed, let m
be the smallest sample size such that Var(é,,) > Var(d,,). Then

asymptotic relative efficiency = lim effy(d,0) =

n—oo

. m - A C2
lim — =~ lim effy(6,,0,) = —.
o0 Tl n—oe ——————— 1

That is. Effg(én,én) is approximately the ratio of sample sizes necessary

to obtain the same variance for #,, and 6,,.
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Example 6.29 (Muon Decay, TBp.299) o
e & = 3X: method of moments estimator |
e MLE d solves » " | X;/(1+aX;)=0
e Var(a) = 9Var(X) = (3 — a?)/n.
o Var(&) = [nl(a)]™!
= 2 1 2
(@) = Ea [% log fma)] - [ it (1 +2‘”"’”) =
- { ske [1og}_Lg—2a], deo<lasd
%, =1
e The asymptotic relative efficiency is thus
Var(a 203 1+« -1
&eff o(@, d)mTELH;cVarEa;“S—az{ (li_a)_zaf} , for o # 0.
e The following table gives this efficiency for various values of «
o 0 0.1 0.2 0.3 04 - 0.9 0.95
lim,, o effo(a, &) 1 0997 0.980 0975 0.953 ... 0.582 0.464
e The MLE is not much better than method of moments estimator for
« close to 0, but does increasingly better as « tends to 1.

Question 6.6 (TBp.300)

Is there a lower bound for the M SE of any estimator? If such a lower bound

exists, what can it help us on the comparison and choice of estimators?

Ans: 1. It would function as a benchmark against which estimator could be com-
pared.

2. For estimators achieve the lower bound, they cannot be “improved” upon.

Theorem 6.15 (Cramer-Rao ine

Suppose Xi,...,X, are i.i.d. with pdf/pmf f(z|f), and T = T'(Xy,...,X,)

is an unbiased estimator of . Then, under smooth assumptions on f(x|f),

—

Proof : Let o)
1o} 2 (X6
§=§ o 08 f(Xil6) = E TR

Q,:

Then E¢(Z) =0, Varg(Z) = nlx, (). By the Cauchy-Schwarz inequality,
Covy(T, Z) < Vary(T)Vary(Z).

But
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Covy(T,Z) = Ey(TZ) — Ey(T)Eg(Z) Ch8, p.63

= / / (1,Z2,...,Tp) Zagfmtw)] []:[f .-|5)] dzidzy - - - dx,
= //T(iwzi) QHj |9] dzydas - - - d,,

L—i=1
= 89_/ / (Z1,Z2,y...,Zn) Hf BLIQI dxidzs - -

3] 9, 1 1
= 89E o(T) = 50 0 0 =1 = 1< Varg(T)Vary(Z) = Vare(T) > Vare(Z) = T 0)

and we have completed the proof.

e

1. An unbiased estimator whose variance achieves this lower bound will
have the smallest M SE among all unbiased estimators.

2. Theorem 6.15 does not preclude the possibility that there is a biased
estimator of 6 that has a smaller M SE than the unbiased estimator
that achieve the lower bound.

Definition 6.20 (efficiency, efficient, as

e The efficiency of an unbiased estimator QA of 0 is
- 1/nlx (0 1
off (0) = 1/nlx, (0) _

Varg(0) nlx, (0)Varg(0)

e An unbiased estimator whose variance achieves the
lower bound is called efficient.

e If the asymptotic variance of an estimator equals the lower bound,
the estimator is said to be asymptotically efficient.

Notes (TBp.302)

1. MLE is asymptotically efficient.

For a finite sample size, MLE may not be efficient.

MLEs are not the only asymptotically efficient estimators.

There may exist biased and super efficient estimators. For example, if
Xi,..., X, is an iid sample ~ Normal(p, 1). Let i = X I(]X]| > n™'/*).
Then

ol S

V(i — p) == N(0, 0% ()
where o%(u) = 1 if u # 0 and 02(0) = 0.,
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Example 6.30 (Poisson distribution, TBp.302)
For the Poisson distribution, Iy, (A) = 1/A. For any unbiased estimator 1" of \,

based on a sample of i.i.d. Poisson variables X1, Xo,..., X,
Vary(T) > A/n.

MLE of A is X = 8/n and
Var(X) = A\/n.

Hence X attains the Cramer-Rao lower bound. (Note. There may exist a
biased estimator of A that has a smaller MSE than X.)

Theorem 6.16 (generalization of Cramer-Rao inequality)

Suppose X1,..., X, are ii.d. with pdf/pmf f(z]0), and T = T(Xy,...,X,,) is

an unbiased estimator of 7(#). Then, under smooth assumptions on f(z|d),
7'(0)?
Nargld ) = — =
‘HIXI (9)

Example 6.31 (generalized negative binomial, TBp.302-305)
e The generalized negative binomial distribution has the pmf:

k. \ET(k+z) m\*
falm. k) (m-l—k) 2T (R (nz+k:) y =01,

Note that its mean is 4 = m and its variance is 0> = m + m?/k

Chg, p.66

m: srofblackballs|_ v _ g fblack balls that will be drawn before
k : # of white balls the kth white ball is drawn
e Generalized negative binomial model arises in several cases.

} draw with replacement

1. If k is an integer, then the number of failures up to the kth success
in a sequence of Bernoulli trails with probability of success

p=k/(m + k) follows a generalized negative binomial distribution.
2. Hierarchical model: If A ~ Gamma(k, k/m), and X|A = X ~ Poisson(}),
then X ~ generalized negative binomial.

3. Biological model (Solomon, 1983): If N, the number of clusters/colonies,
follows a Poisson(\) distribution and X;, i = 1,..., N, the numbers

of individuals in each colonies, follows a logarithmic series distribu-

tion with success probahility p

1 (1-p)
= U=p) 4 _19...
——— log(p) ¢

Assume that the X;’s are independent. Then the distribution of
the total number of individuals is generalized negative binomial with
k= —M\/log(p) and p =m/(m + k).

4. birth, death rate = constant; immigration rate = constant
Population size ~ generalized negative binomial

31/35




bt

Ch8g, p.67

e Estimation of m and k

method 1: method of moments estimators
—

method 2:
ng = number of zeros out of a sample of size n

k o
Po = (%) = probability of zero count
If m is estimated by X, then k can be estimated by solving the

equation . k - i

- ng Ji ( X) 5
—_— e — 1—5—7 .
n E+ X k

method 3: MLE is difficult to compute. MLE of m is the sample mean
X, but MLE of £ is the solution of a nonlinear equation.

100 T T T
e Asymptotic relative efficiencies of w0 I B —— —
20 —% ¥ —
estimators (Flgurg 8.11 1.11 textbook)é Iy /,“/f; st
— Method 2 is quite efficient L e
! L ~ ET | 1--0%
when pg close to 1 or 0. I D S eSS
- —Met}lO(i 1 beCOIlleS nlorc Oj(!! 04 0-1 02/04 1 2"‘-‘4‘95%") 20 40 _ID-O_;O:)—ADO
efficient as k increases. O e
Ch8, p.68
e Insect counts data, Bliss and Fisher (1953)
— 25 leaves from each of 6 apple trees in an sprayed orchard
— number of adult female red mites on each of the leaves
number per leaf  observed count Poisson fit Negative Binomial fit
0 70 47.7 69.5
1 38 54.6 37.6
2 17 31.3 20.1
3 10 12.0 10.7
4 9 3.4 Bld
5 3 0.75 3.0
6 2 0.15 1.6
7 1 0.03 0.85
gt 0 0.00 0.95
— Recursive algorithm for pmf of generalized negative binomial:
—k k+n-—1
m 4+ n m
Umk:(1+—) nim,k) = n—1|m, k
F(0lm, ) 2) L fahm ) = TR () fntm, b

— Poisson fit is not good. Heterogeneous: the rates of insect infection
might be different on different trees and at different locations on the
same tree. (For the Poisson fit, polling the last 3 cells: y? = 82.4 |

df=5, extremely small p-value; For the Negative Binomial fit, pooling
last 2 cells: x? = 2.48, df=5, p-value=0.22)
*+* Reading: textbook, 8.7; Further reading: Hogg ct al., 6.2
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Cha, p.69

» method of finding estimator III --- UMVUE (or MVUE)

Question 6.7 (“best” unbiased estimator)

Among all unbiased estimators, how to find the “best” estimator, i.e., the one
that has the smallest M SE?

(Recall. [1]. MSEg(0) = Varg(0) for any unbiased estimatorﬁ;
[2]. Cramer-Rao bound)

Definition 6.21 (UMVUE)

An estimator T of 7(f) is called a (uniformly) minimum variance unbi-
ased estimator (UMVUE or MVUE) of 7(9) if

1. 7™ is unbiased for 7(¢), and
2. for any unbiased estimator 1" of 7(#), Varg(1™) < Varg(Z) for all § € .

Example 6.32 (cont. Ex. 6.30, UMVUE of Poisson mean, TBp.302)

e The Cramer-Rao bound for 7(6) = 4 is 8/n.

e On the other hand, E(X) = 6 and Var(X) = 6/n.
e Hence, X is a UMVUE of 6.

Chg, p.70
Question 6.8

A UMVUE may not achieve the Cramer-Rao lower bound. Are there other
systematic procedures that can be used to derive/identify a UMVUE among
a large number of unbiased estimators?

Theorem 6.17 (Rao-Blackwell theorem, TBp.310)

Suppose X1, ..., X, have a joint pdf or pmf f(zq,...,z,;6), and

is sufficient for 6. If T is any \"l L S S=s
A |

estimator of 7(6) with E(T?) < oo,

let
T =E(T|S) _
Then ‘ all unbiased estimators
unbiased estimators and "x x
(1). Eo(T*)=Eo(T) for any 6, function of S

(2). T* is a function of S alone and does not involve 6, i.e., T* is a statistics,

(3). Eo(T*—1(0))> < Eg(T —7(0))?, i.e., MSE¢(T*) < MSEy(T), for every
0 and the equality is strict unless 7' = T™.
(. Why T better?)
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Proof. o et
1. E(T™) = E[E(T|S)] = E(T)
2. S is sufficient for # = distribution of X;,...,X,,| S not involve 8
= conditional distribution 7'|.S does not involve 6
= T* = E(T|S) is a function of S only
3 Var(T) = Var[E(T|S)]+ E[Var(T|S)]
> Var[E(T|5)] = Var(T™)
with equality if and only if E[Var(T|S)] = 0, i.e. Var(T|S) = 0 with
probability 1, which is the case only if T is a function of S, which would
itaph I ="

Question 6.9 (uniqueness)
Suppose that two estimates T and Tj are unbiased (or have same bias). Which
of E(T1]S) and E(T5|S), where S is sufficient, has smaller variance? Is it possible

that there exists only one unique function of S that is unbiased (or has same
bias)?

Theorem 6.18

If the distribution of S is complete and E[u1(S)| = 7(8), E[u2(S)] = 7(6) for
all 0, then E[u;(S) — ua(S)] = 0 for all #, which implies that u;(S) = ua(S)
with probability 1 for any 6.

Chs, p.72

Theorem 6.19 (Lehmann-Scheffe theorem)

Suppose that X;, Xs, ..., X,, have joint pdf/pmf f(zy,x2,...,2,;6) and S is a
complete and sufficient statistic for #. If T = T™(S) is a function of S and
unbiased for 7(#). Then 7™ is the unique UMVUE of 7(6).

Proof. Suppose T is any other statistic with E(T) = 7(f) for all . Then
E(T|S) is also unbiased for 7(#) and a function of S. Completeness implies that
any statistic that is a function of S and unbiased for 7(#) must be equal to 7™
with probability 1. Hence, 7™ = E(Z'|S) with probability 1 and

Var(T™) < Var(T) for all 6.

Therefore T is the unique UMVUE of 7(0).
Summary (methods of finding UMVUE)

1. fE(T) = 7(0) for all § and Var(T) achieves the Cramer-Rao lower bound.
Then T is a UMVUE of 7(0). (Note. A UMVUE may not attain Cramer-

Rao lower bound.)

2. If S is a complete sufficient statistic, and u(S) satisfies E{u(S)] = 7(0) for
all 6. Then u(S) is a UMVUE of 7(6).

3. If T is an unbiased estimator for 7(6) and S is a complete sufficient statistic
for #. Then E(T'|S) is a UMVUE of 7(0).
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Example 6.33 (cont. Ex. 6.32, UMVUE of Poisson mean)
Suppose X1,...,X, is an i.i.d. sample from Poisson()\) distribution. Then

S =3",X;is a sufficient and complete statistics for \. Because X = S/n is
a function of § and E(X) = A, X is UMVUE of \.

Example 6.34 (UMVUE of Normal mean and variance)

Let Xy,....X,, be iid. random variables from Normal distribution N (y, 02),

then > (Xi — X)?

=2l
are sufficient and complete statistics for (u, 02). Clearly, E(X) = pand E(S?) =
o° (Note. (n—1)5%/0% ni 52 , = Elln—1)8%/0%) = n—1), 50 X and §°
are unbiased estimator of u and 2, respectively. Since they depend only on the

sufficient and complete statistics, they are UMVUE.

XandS_z:

Example 6.35 (UMVUE may not attain Cramer-Rao lower bound)
Let X ~ Poisson()). Let T(X) =1 if X =0 and T(X) = 0 otherwise. Then,

T is UMVUE of 7()\) = e~ and Var(T) = e *(1 — e™*). The Cramer-Rao
lower bound for e™ is e=2*/I(\) = e 2*\. Hence
Var(T) —e P A=e*l-e?—e N =e*P(X>2)>0

and Cramer-Rao lower bound is not attained.

Example 6.36 (UMVUE of Poisson zero probability)
Suppose Xi,...,X, is a sample from a Poisson(\) distribution. Then S =

> . Xi = nX is complete and sufficient for A. To find a UMVUE of e*, start
with 7(X; = 0), which is an unbiased estimator. Since

el 1A 1_1ys
e="A(n\)s/s! =(1- E) ’

the UMVUE of e is (1 — n~ L)X,

Example 6.37 (cont. Ex. 6.25, UMVUE of Uniform upper bound, c.f. Ex. 6.13)
Suppose X1,...,X,, is an i.i.d. sample from Uniform distribution U(0, 6). Be-

cause X(,,) is sufficient and complete, and E(X(,)) = 7450, 2 X,,) is unbiased
and is the UMVUE of 6.

Theorem 6.20

Suppose that S; and S; are sufficient statistics for 6, and Sy = ¢(S1). If U is
an unbiased estimator for 7(0), let V; = E(U|S;) and V, = E(U|Ss) then

Var(Vs) < Var(V7).

<+ Reading: textbook, 8.8.2; Further reading: Hogg et al., 7.1, 7.3, 7.6
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