WRRT3i%

AT

AT R I

T ERFTFTN AR ZHAE, (WNENRSHTERNERSENZ—. BURFFERMIE
BEE TR, SERIFIHEMNIZE TR, XHEFMBAMAAEN (likelihood
principle) . RAFisher F 1920's {2t TIRKAZATT R, SEEIRALAETHESUARLLE]

R, BERE. MAES. AEs (&) AN, BRTETSE, UABRILIRERRT
Figtele. BEEXASHCHIHRT, XELAERDERFESRMME. BINEENREHEL
PRERIS, BIARAMAGIT AR, ETUSARIRIETTASREIAALLIEIe (LRT) . Rao's score

13E, Wald #IGHIFS.

Kullack-Leibler IEESEE TR MIXZENER, EUNECHEEENA, 55lih, HEI%EE
Y AIC ENIIEEETZEE.

Lemma 1 Ri% f, g 2R MIZEZE, Kullback-Leibler (KL) IEESEEUE (divergence) BN

- foy 9x)
D(gf) = E¢ (log( a)) = J () log( W)

Hep B+ g f KEFZE, N
D(g|f) 2 08 E¢logf > E¢logg
UEEA: B - log(x) BOEEL, Frld

Er (—log( ) > ~lag(Ef(2)) =-log( [ £f) = -log( [ 9 = -log(1) =0

ATEH—BEAENY, FNEM LTS AHA MLE EEHEYTER. hTHIE, RIULESER
2 iid FEEERZENER. IERESHRBIEEL. B8
X1, oo, Xniid ~f(x |0),0€0 c R¥, 26T 5N B 11925 5 5 5L
X1, oo  Xn BUBXEDT 1111 (Xi 16 fEAERISE ORIREFRALISAREL
LO =TT f(xi 10

i=1
STEULIIREREL
1(6) = log(L(8) =Y loglf (xi 16)]
i=1
LA ENEEMANMUNBIRTEHEAUAIRIC R ENAE, ZURBEERSHENNE, 85

ZIEALISX (conditional likelihood, TBEBRFEFRZSED). ZBHLIPA (partial likelihood, Cox SR
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ERTTE
B ZEA (profile likelihood) . HUMLISATT % (quasi-likelihood, R{RIZEREFTIAR
IRERDTR). AT XG5 ES7% (EE: EstimatingEquation, GEE), ZIG{ISARAES L
LIRSS,

FHLAREPRISRIRZZAINIZ, Z T EMM, EAEERIZXIEUUSAREUEFENZZ ERIIRT
M, AJEZRNAARHESFORRER, LanmAEE

1(8/n— E(logf(X [8) = [ logf(x [6) x f(x [§dx,n— oo

TIAIRHINRIRS KL IEESE X, HRALISAEIT SEELARSEREN ISR LB X
6= argmax 1(6)

ST ARG BARFNSHAIRFEIT? Rk 0ZESE, (6 # 0 (AFARKRBTRIF

f(x 19 MAZT (x 16)), MEBAXEEENSHE 1

(8- |(9*) — Y |09(f(X B/f (x; Ie‘) — .. E |®( f(;ll@) — If(x |@ |®( f(;lle) )dX > 0,

HEF' E o R EIRS \?E f(x |0 KHEEE, EIAFELHABZ n— o B, JLFBAE O > 1(6) , BP

BESEEBIARERA, THRIRE X AETHESUAREEA, FLUUSAMETTMAIZ :_FZSH;:

EESH. BMEHARBIR, (SEUVAREATIRARSED MLE RIZIEES% OffiE, B)6—
(iR as.) |, XHERMBAMESH.

SRR E T SEMI—INEEL. —MEEL (Hessian 56/%) ZUAFICHEEENE. —N
SEFRAITD (score) HREN, REIZMEEFRA (W) Fisher (SEFE,

Definition 1 (It BREFIEEFE)
XIEUATRR AT —FN SEFR 1T BREL (score):

.0l _ f(x|9
VO =1= 38 = tx 19
WM E % (observed Fisher information):
02(9
'O == e
Fisher (528 : MNEEPERIAAZE
2
(@ =E((@) =E[- 2]

EX1, Xz Xniid Wi(Q = nE [-ZHBT 2 njy(@),i4(9 RFTBMERISE.

Theorem 1 IENISZET,
EU© =0, var(U(®) =EUUT =i(H
AP
al ol( ol 02l
SLT I N
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TS
HApE BX Xy, ... , Xniid ~ f(x |6 KHIE.

7377 K MLE E18XIELISARRER |(0) iIXEIRK, BHE KERW USRS TR
U =al/oe= 0.

ZHAERVEHE—HE.

Remark1: i(6) = var(U) i¢BB Fisher (SEERIEERN, HAEER,

" 0%lag(f (xi 18 _ -, 0%lag(f (x1 9
068067 068067

Lig - E ( ) =ix@ =i(@/n>0

!
N

FEEZ n — oo, JLFWAR 1 (6) > 0. EIRFEUUPARETRI —IN SERTE, B SIE LA a1
—fi.

Remark2: E5—MERR E o(U() = 01588 U(Q IEIIER N FEESH 0459 0, ETIAS
U(O) = 0 IXIBETIBASTZ U = 0RIRE 6~ 6,

Remark3: B Taylor B
0=U@B ~U©-1(0(0-9=~U®-i6(@©-0
A1
6-6~i(® U,
EA U = U(0) SR/, B 1 KT U ASEEE, Wi ORI
var(U)""2(U - E(U)) = i(§~"2U(8 = i7" (QU(8/Y R >N (0, 1.
Bp

U(O/vn %N (0i1(8).
F_EAR AT18 ORR M ERS SR
VAB-9 = vhai(©'U® = i;'U@/VA S N (0 (67).

LAE#A Remark NEXL EAERBA T MLE MiZEBRIMRYE. TEBEHII LAXEW (FEH) ™
&1L,

i. f BSTEARMRET O
ii. f 2ANRBI & f (x [61) = f (x |6) IHEA x FBRIZ, WKE 6 = 62), © c R EFFEE,
ii, [ 9GO < M(x), EoM(x) < .

15 U(Q) TEES51 04t Taylor BFFHAIR 1 (8/n —i(6),
0=U@B =U®O +-1(0(B-9 +0,(n"?) =U®B -ni(O(B-6 + g (n?)
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FRAEATATIS MLE A (T8, &880\ o IR)
8- 0= [ni;(9] 'V (1)

or

Vi8-8 = i@ U‘@ 2

TEREZRERZER.
Theorem 2 (fH&14 consistency) IENISZ{4T, MLE 62 s ORESSE, BP

6o

Proof. FA%CER, U(Q/n =3 I, 20tx® _ p (Olatbaly _ o frpid=0+i-"(0 L+
op(1) — Oass.

Theorem 3 (ATEIEZR Asymptotic normality) IEMISZET,

20 N i@ 3
n
V(6@-6 —4¢N (0,i1(® " (4

Proof. jFEZ! score BREL U(O 2IMZFEHZZZAIF0, E(U(O) = 0, var(U(O) =i(0 =ni(0 , K
RO PRETE

var(U)~2[U(§ - EU()] = (ni1(§) "2U(© S N (0,1))
El

UO)/v a3 N (0,i4(8).
B (2)

U(G)

\/H(G\—G)—I11(6) N (0,i1(9)

ARSI EINARAN, BIERIRIER K, EE ONERIANELRETH, AL
S ERN,
Theorem 4 (3TIEERA Asymptotic efficiencyHajek) & O RF— OMF MG, NEAIUSHES
0=06+2
Hrh 7 5 0718%, X%
var(§ = var(§ + var(Z) > var(§

Proof. dim(6) = k, SHHAT(mIEKR § 6= Ed= [ A (9, FORRYS ORS, 18 (EEMLIAREL
SR SRR

k= 6L =[6OL/LxL=EA/L=EOUO)T
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iR
HerL/L = (logl) = U(§ , FrLA

EB-QUT = 1 -E(BUNU=1x-E (i~ "UUT) = Ix-1, =0,
FRLAZ = 6- 85 1 6F48%,

= 68=06+2Z, wherez 16

REE A TG RIRRIEEEXE
Theorem 5 IENISEMA T, FIA=NEANEFN BEBEEI RS D

208 - 1(9) ~ (8-9" i1(91(B- 6 ~ UO Mi1(O] 'UO —axi k=dim®O (5

EA1(6/n—i1(6), A Slusky 5138, EXXH1(6) = ni1(0) #2pk | (©) {35ARKIL.
Proof. —f} Taylor EFF,

-1 =UO"1(8-9-1B6-9"1(0B-9 +0x(1)=UOT(B-9 - IvnB-9Ti(9Vn(8-
B (1), U(8 = ni{(8(6- 6), Lif Taylor BFFHLANi1(6)(8- 0 B UG, B8

@ - 1@ = 5(6- 97 (B~ § + o)
Talyor BFFeRLL [ni+(9]7'U(9 Bt 6- 615
@ - 18 = SUOT i@ U@

FHREEE 3 MBALUEAE U(O ~ N (0,ni1(9), VA(B-6 ~N (0 (ni(9)") , NI LiAZ EH
R FRUIENEY X2 .

EZEHHAEREBIZHo: 0= 6, ETEIE 5 NS, TMNSEETIAN=MEIKRLE,
{LISALLAGEE (LRT)
LRT = —2log\) = 2[1(§) - 1 (80)] ~n, X2

EehSREE A = L (6y)/L (6 .

Wald 1§38

W= (6-8) 1 (8)(6- &) ~uo X2
Score &3&

S = U(B) "1 (6) U (Bp) ~, X2

L PSR SITEART xE(o) B, AKFE a ™ELEHo, =ANRITEMEZEN. W, S PRI (6)
A NI (6) (EEFREEZMME, FEUEHRE, BMAKER, ST LEIMRET R
&) .
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AT
Remark4: =MRWHIPAEN, —REGHERNINY, EE(EEANEPEEEERM, LRT
EEEN, TETENSLANSE; Wald RIREEW, TEREXY 60 6 MWER,; Score 1
ERU (6) (MME) BEBEER0, £EaR0, B4 0~ & (EAUWG =0) , MMiIFEHE
YA EIEIR,

SEBKERFENNBE. BgSH=E 0 c R, dm(0) = k., BRIIFEHRKRESHRER
Hp:0€09c O, dim(©g =m<k
BRIRFEIXRASHIREL 9f£15 Oo = g(R™), WAEIENIREMT, SRR

Z[I [ L&) |l )
N S| e BT

B

& = <':1r<_:Jreﬂe<g>(§I(El);é‘= argmax 1(6)

BEEHSHN, TRESRREAMAIECAUNTER (ERPRENNER) . BIS#00k
D IERS :

Bt = (Weemyx 1, Ame) |
HApFA R B SERTERRANESE Y, A FRATTRSE (nuisance parameter) , JRR
5|

Ho: Y=o (Yo K1)
R R IETIS E=iE N

©o = {(W,A) : A €R™, dim(Qgp) = m

XIEUATRREL

1(© = (g A) =3 logf (xi; 0

i=1
BMLEG= (O, EERHA W MLE A $o, 126 = (Yo Ao . HIDTHHTE

U(e)-a—e-(%> :(U;“)

XSS BED T

_ o2l gy T
C 08007 Clag Im

ICHIEER
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AT5E
-1 = | W | yA
_(|7\L|J |M)

Heh | W=y =ly- lolola. EUTERBIRER, BATEXALLRIE (LRT) |
score #5535 S, Wald 1838 W 2R,

IsALLIGTS
LRT = 2[I(§ - 1(&)]
Score 1&3%
S = Ug(@) 15 (&) 14(&) (&:EEEFIYMLE)
Wald 103G
W= (- o) WO (- W) (B: T8 T MLE )

=MQITEINAEA, RISl IAMRRS T EE X2, (EHE 6).
Remark5: Remark4{5i&FFIXE, HB5h, FESERAINEFITEEESSBI THY Scoretly
(ELan%IEXZRAY Pearson RH5IEEIE) .
PRI | NSRRI
Xi = (Xi1, ... ,Xiy)" ~ Multinomial (n;; p;),

Hehpi = (Bt pu) i+ g =L > 00 =1 ,), BETEITEERR I <) FIBR
X =(xj1<i<l,1<j<)), F—MHREK
H02p1=... = Pi

M Ho BY score 1§38 /95BXZHAY Pearson K518,
Theorem 6 LRT,S,W AN, JRIRIZ Ho : Y = Yo BRIZBSEA IS HRBEREI X2, n —

We only prove LRT. Let Q) = (Yo, X\o) , where X\o is the MLE under the null, i.e, we have

ol(§

an =0

Y=ypA=Ko

The global MLE is denoted by 0= (Lﬁ, 7\\), then by Taylor expansion, the log-likelihood ratio is
(omitting high-order terms)

_al® 1 T 92(9)
(& -10 = Zg | *2(%-9 [5gg J(H-9
-2 (&-0 101(&-9 ©

718
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2
where we have subsituted % by its expectation at true parameter 6 = (Y, A).

‘e:é‘
Next, we expand U ( @)) around 6

s, _ %

(Yo, Ao) oy

U(&) = ( Uy = (% why
ol 0
Ay ho)

88 = nie) (G0 = n(w 0y (WY
06 g I o- A

iy (Yo - ) +iw(7°o-x))

ia (W - +im(Ro-A

= —n(

So from the second component in the above equation we have
Ro=RX = -izlixg(o -
Then,

_ 4= %_\ﬁ _ %_Lﬁ _ .I. _
&-0=(4 Cimtinao— ) = Coigging (48 $ (7

Then from (6) and (7), we have
_ ~_ﬂ _ T e |L|JL|J Iq)\ | _
(&) ~1@ = -5 O (L =iwigh (2 (o ) (o=
= -2 (o= igpr (8 (Yo - B ®

where lyp A = Tyy = iq,)\i;)j iax. Since under the null hypothesis, true parameter is 6 =
(W, )T, vn( 6- B) —4 N (0,i~"(6)), then marginally

VA(f- o) = N (0 iy, (60)

combining with (8), we have

—2{1(&) - 1(®) =[Vn(P- W) ] ligpr @IVN(P- W) ] = Xim

where k — m s the length of

Cox and Hinkley (1974) Theoretical Statistics. CRC.
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